The problem of the motion of a free particle in the three-dimensional Lobachevskii space are interpreted as scattering by the space. The quantum-mechanical case is considered on the basis of the integral equation derived from the Schrödinger equation. After the separation of variables in a quasi-Cartesian coordinate system, the integral equation is derived for the momentum component along the axis of symmetry of a horosphere, which coincides with the axis. The relationship between the scattering amplitude and analytical functions is established. The methods of iteration and finite differences are used to solve the integral equation.
Introduction
In [1] , the motion of a classical or quantum-mechanical free particle in the three-dimensional Lobachevskii space was interpreted as the scattering by the space itself. At the same time, the solution of the quantum-mechanical problem was based on the exact solution of the Schrödinger equation in the configuration space in quasi-Cartesian coordinates, which are essentially associated with the horospheres [2] . Below, the same quantum-mechanical problem will be solved using the usual Fourier transformation of the original equation.
Note that the Fourier transformation in the Lobachevskii space is understood most often as the Shapiro transformation [3] or the Gelfand-Graev transformation [4] , which is actually the same (see also [5] ). We will use the usual Fourier transformation, which ultimately leads to the formulation of a one-dimensional integral equation for the momentum component along the axis of symmetry of the horosphere after the separation of variables.
In view of the considerable convenience of the use of integral equations in scattering theory such as, for example, the Lippmann-Schwinger equation (see, e.g., [6] ), the Logunov-Tavkhelidze-Kadyshevsky equation [7] , and others, we will specially pay attention c ○ YU.A. KUROCHKIN, 2019 to the analysis of a particle motion in the Lobachevskii space in terms of the integral equation obtained below.
We also note that the problem of the propagation of electromagnetic waves and particles was considered in [8] [9] [10] , where the effect of a "mirror" was established, i.e., the reflection of waves and particles under certain propagation conditions. The effect is explained by the fact that, in the direction of the propagation of waves (particles), the space in the horospherical or quasi-Cartesian coordinates imitates a nonuniform medium that inhibits their propagation and ultimately leads to the stopping and the reflection of waves.
Quantum-Mechanical Problem. Derivation of an Integral Equation
Let us consider the motion of a free quantum-mechanical particle in the three-dimensional Lobachevskii space as the scattering. To do this, starting from the Schrödinger equation in the quasi-Cartesian coordinates, we formulate the problem for the integral equation. We write the Schrödinger equation
in the quasi-Cartesian coordinates of the threedimensional Lobachevskii space with the metric
and with Hamiltonian
The stationary problem
for Eq. (1) with regard for Hamiltonian (3) can be formulated as follows:
In formula (6) , is the mass of the particle, is its energy, and is the radius of curvature of the space.
For problem (4) , which is reduced to the solution of Eq. (5), it is possible to separate the variables:
Here, we presented the wave function as ( , , ) = ( , ) ( ). For our purposes, it is convenient to present Eq. (8) in the form
or, as a result of the standard transformation and the exclusion of the first derivative,
As a solution to Eq. (7), we choose a plane wave defined by the components and of the wave vector, where
Now, we present the wave function in Eq. (9) in the form of the Fourier transform
As a result, we get the integral equatioñ︀
Equation (12) allows us to analyze the conditions for the occurrence of bound states in the extended Lobachevskii space, as well as to describe the scattering under the action of the effective potential arising in the Lobachevskii space, understood as a change in .
The dependence ( ) = √︀ 2 − ⊥ 2 2 follows, in particular, from the solution of the Hamilton-Jacobi equation given in [1] .
For the latter case, Eq. (12) takes the form︀
Analysis of the Integral Equation and Its Solutions
As is known, the bound states are determined by the poles of the wave function in the complex plane and correspond to negative energy values. In this case, the preintegral expression in the second term of formula (12) defines the Green function of Eq. (9); it shows a pole for the energy value
From expression (14), it can be seen that it can take negative values only in the space of positive curvature, which is realizable only in the imaginary Lobachevskii space (in the three-dimensional de Sitter space). The developed approach is applicable to the description of the motion of a quantum-mechanical particle in a given space under similar initial conditions. It is enough to make a replacement 2 → − 2 in (14). The use of other methods confirms the existence of bound states of a free particle (the discrete part of the spectrum of states) in the imaginary Lobachevskii space, despite the non-compactness of this space. The scattering problem with Eq. (13) will be solved by the method of iterations. To do this, we substitute the original plane wave ( − ) corresponding to the zero approximation to the second term and obtain the first (Born) approximatioñ︀
Note that the modulus of the wave vector of a plane wave which came from infinity satisfies Eq. (10) without the right-hand side. We accept that this wave vector is directed along the -axis of a beam of the classical problem.
The matrix element of the scattering amplitude in expression (15) is equal to
The subsequent iterations give a zero contribution.
Analytic Representation of the Solution
As is known [11] , for a function satisfying the condition of quadratic integrability on the entire number axis
there is an analytic representation
Then the integral in expression (12) is obviously a special case of integral (18), and the corresponding analytic function has a fixed value of the imaginary part of the argument in this case. In this case, Eq. (10) takes the form
Expression (19) is conveniently solved within the method of finite differences. Indeed, let us set = 0. Theñ︀
We take (0) as the given boundary value and shift the real part of the argument by a small finite value , ≪ 1. On the next step, we havẽ︀
Expanding ( + 2 ) in a Taylor series with respect and taking the Cauchy-Riemann relations into account, we obtain ( + 2 ) = (2 ) and, as a result, the expressioñ︀
Continuing the iteration, it is easy to verify that︀
Here, is an integer and the iteration order. Replacing (2 ) in (23) according to formula (20), we finally obtaiñ︀
Expression (24) is consistent, because it becomes the identity, when = 0. The results for a relativistic scalar particle follow from those obtained above by replacing 
in formula (6) . Here, is the speed of light.
Conclusion
Thus, the problem of the motion of a free particle in the three-dimensional Lobachevskii space is interpreted as a scattering problem. The quantum-mechanical case is considered on the basis of the integral equation. The results can be used to construct phenomenological models of hadrons and to solve problems of astrophysics and cosmology.
